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Abstract We consider two families of finite-dimensional simple Lie su- 
peralgebras of Cartan type, denoted by HO and KO, over an alge- 
braically closed field of characteristic p > 3. Using the weight space de- 
compositions and the principal gradings we first show that neither HO 
nor KO possesses a nondegenerate associative form. Then, by means 
of computing the super derivations from the Lie superalgebras in con- 
sideration into their dual modules, the second cohomology groups with 
coefficients in the trivial modules are proved to be vanishing. 
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0. Introduction 



The theory of modular Lie superalgebras has undergone a evolution during the last 
ten years, especially in the classification of classical simple modular Lie superal- 
gebras (for example, see [H, Sj) and the structures and representations of simple 
modular Lie superalgebras of Cartan type (for example, see @, @, @, 0, U, 12, 13, 



14 |l5L llq . 1 171 1 la . 1 19 . |20( ] ) . Recently, one can also find the work on the representa- 
tions of the classical modular Lie superalgebras. The present paper is interested in 
the second cohomology groups of modular Lie superalgebras of Cartan type. The 
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classical cohomology vanishing results of Lie algebras depend on the characteristic 
of the underlying field. For simple Lie superalgebras, even in the case of character- 
istic zero, the complete reducibility and the cohomology vanishing theorems do not 
hold in general. In view of these general facts above, in this paper we prove that 
the cohomology groups vanish for two families of finite-dimensional simple modular 
Lie superalgebras defined by odd differential forms, known as the odd Hamiltonian 
superalgebras and the odd contact superalgebras, respectively. That is, 

• Main Theorem (Theorem 13. lQj) : The second cohomology group with coef- 
ficients in the trivial module vanishes for both the odd Hamiltonian superal- 
gebra and the odd contact superalgebra over an algebraically closed field of 
characteristic p > 3. 

Let us closing this introduction by briefly recalling certain results on the cohomol- 
ogy of modular Lie (super)algebras of Cartan type. S. Chiu [3J] and R. Farnsteiner 
[j, 0] determined the second cohomology groups of modular Lie algebras of Cartan 
type. Y. Wang and Y.-Z. Zhang determine the second cohomology groups of 
simple modular Lie superalgebras of Cartan type H and K, which possess a non- 
degenerate associative form and W.-J. Xie and Y.-Z. Zhang [13 . determined the 
second cohomology groups of simple modular Lie superalgebras of Cartan type W, 
S and K, which do not possess a nondegenerate associative form. 



1. Basics 



Hereafter F is an algebraically closed filed of characteristic p > 3, Z2 := {0, 1} is the 
additive group of order 2, Z, N and No are the sets of integers, nonnegative integers 
and positive integers, respectively. Throughout this paper L = Lq © L\ = ® q i= _ r Li 
is a finite dimensional Z-graded Lie superalgebra over F. Here we should mention 
that once the symbol p(x) appears in an expression, it implies that x is a Z2- 
homogeneous element of parity p(x). Write L* for the dual module of L and U(L) 
for the enveloping algebra of L. Then L* inherits a Z-graded [/(L)-module structure: 

L = ® r i= _ q (L )jj 

(«•/) = (-1)p(«)p(/) / o Q(u)\ L for all u G U(L), f G L*, 

where O is the principal anti- automorphism of U (L), that is, the linear even mapping 
satisfying that 

0(1) = 1; 

0(x) = —x for all x G L; 

Q(uv) = (-l) p{u)p(v) @(v)e(u) for all u, v G U(L). 

A super derivation from L into L-module L* is by definition a linear mapping ij; : 
L — > L* such that 



iP([x,y}) = (-1) pWpW x • V(y) - (-1)(pW + p( x '))p^2/ • ^(x) for all x,y G L; 
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ip is said to be inner if there is some / G L* such that 

ij)(x) = (-l)P( x )P(/)a? ■ / forallxGL; 

ip is said to be skew if 

if>(x)(y) = -(-l) p W p ^V(2/)(^) for all x,y G L. 

Let if be a nilpotent subalgebra of L n with weight space decomposition: 
L = ®aeA^(a)' I n this paper we shall write for zero weight of L. Viewing Lj as 
if-module by the adjoint representation, one can find subsets A; C A such that 
Li = QaeAiLi PI Thus L has aZx Map(if, F)-grading structure, which induces 
a Z x Map (if, F)-grading structure on the dual module L*. 

Let Derp(L,L*) be the space of superderivations from L into L* and Innir(L, L*) 
the subspace consisting of inner superderivations. Then Derp(L,L*) inherits a Z x 
Map (if, F)-grading from L and L* in the usual way. 

2. Associative Forms and Weight Space Decompositions 

Let m be a positive integer and suppose that we are given two m-tuples of pos- 
itive integers, t := (ti, ti, . . . , t m ) and ir := (tti, 7T2, . . . , ir m ) , where 7Ti := p* 1 — 1. 
Let 0(m;i) be the divided power algebra over F with basis {x^ \ a G A(m;i)}, 
where A(m;i) := {a G N m | «j < 7Tj}. For := (5a, . . . ,5i m ), we abbreviate x^ 
to Xj, i = 1, . . . , m. Let A(n) be the exterior superalgebra over F with n variables 
x m+ i, . . . ,x m+n . The tensor product 0(m,n;t) := 0(m;t) %A(n) is an associative 
super-commutative superalgebra with a Z2-grading structure induced by the triv- 
ial Z2-grading of 0(m;t) and the standard Z2-grading of A(n). For g G 0(m,t), 
f G A(n), write 5/ for 5 <g> /. Note that x^M^ = ( a +/ 3 ) x (°+« for a,/? G N m , 

where ffl^^iffl- Let 

B(n) := {(ii, «2, • • • , ifc) I + 1 < i\ < ii < • • • < ik < m + n; < k < n} . 

For u := (ii, 12, ■ ■ ■ , ik) G B(n), set \u\ := k and write := x^Xi 2 ■ ■ ■ Xi k . Notice 
that we also denote the set {11,12, ■ ■ ■ , ik} by u itself. For u G B(n + 1), put 

_ J if « Git _ J |u| + 1 if2n + lGii 

^ e " : ~\l ifi£u, IN|: ~\M if2n+l£u. 

For it, i> G B(n) with ix PI v = 0, define it + v to be 1/; G B(n) such that and w = uUv. 
If 1; C u, define u — 1; to be w G B(n) such that w = u \ v. Note that 0(m, n; i) has 
a standard F-basis {x^x u \ (ct,u) G A(m;t) x B(n)}. Let 9 r be the super derivation 
of 0(m,n;t) such that d r (x ( - a ^) = x^ a ~ £r ^ for r G l,m and cV(x s ) = 5 rs for r, s G 
m + 1, m + n. The generalized Witt superalgebra W (m, n; t) is spanned by all f r d r , 
where f r G 0(m,n;t), r G l,m + n. Note that W(m, n;t) is a free O (m,n;t)- 
module with basis {<9 r | r G l,m + n}. In particular, W(m,n;t) has a standard 
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F-basis {x^ a >x u d r \ (a,u,r) G A(m;t) x B(n) x l,m + n}. Put £ := \ir\ + n. Recall 
the standard Z-grading, 0(m,n;t) = ffif =0 C(m, n;t) S) j, where 

0(m,n;t) S) i := span F {a;^a;" | |a| + |u| = z,a G A(m;t),u G B(n)}. 

It induces naturally the standard grading I-^m^t) = ©fZ^W^m, n; i) s ,i, where 



VF(m,n;t) Sii := span F {/5j | / G 0(m,n;t) Sji+ i, j G l,m + n}. 

The standard gradings of 0(m,n;t) and W^m^t) are also said to be of type 
I 1, •••,!)• 

We also use the principal grading 0(n, n + l;t) = ®\^0{n, n + 1; i) Pi j, where 
0(n,n + l;t) p ,i := spanjrjx^x" | |a| + = i, a G A(n;i), u G B(n + 1)}, 
and the principal grading W(n,n + l;i) = ©f^l 2 VF(n,n + l;i) Pi i, where 



W(n,ra + l;i) Pl i := span F {/9 i | / G O v<i+ i +5j 2n+1 , j G l,2n + 1} 

(cf. 0]). The principal gradings of 0(n,n + l;i) and W(n,n + l;f) are also said to 
be of type (1, . . . , 1 | 1, . . . ,1,2). 

Define the linear operator Th : 0(n,n;t) — > VF(n,n;£) such that 

T H (a) := {-l) m)p{a) d t (a)di, for a G 0(n,n;t), 

where 

2n + 1 if i = 
i' := < i + n if i G 1, n 



i — n ifiGn + 1, 2n. 
Note that Th is odd and that 

[T H (a),T H (6)] =T H (T H (a)(6)) for all a, b G 0(n, n; t). 

Then 

HO(n,n;t) := {T H (a) |a G 

is a finite dimensional simple modular Lie superalgebra, called the odd Hamiltonian 
superalgebra (cf. 0, EH)- The standard Z-grading is listed below: 

HO(n,n;t) := ®\z\HO{n,n;t) h 

where 

HO(n,n;t)i := HO(n,n;t) n W(n,n;t) Sti . 

Recall the finite dimensional odd contact superalgebra, which is a simple Lie 
superalgebra contained in W(n,n + l;i), defined as follows (cf. 0,0]): 

KO(n, n + 1; t) := {T K (a) | a G 0(n, n; t)}, 
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where 

T K (o) := T H (o) + (-l) p ( a ^ 2n+ i(a)3 + (2)(a) - 2a)d 2n+1 



and 

2n 



s~-^ „ ... f if i E l,n 

D := > Xjaj, uu) := < - .. . — — — — — =- 

^ ^ w 1 1 if* en+l,2ra + l. 

i=l ^ 

We have the following formula (see 0, 0]): for a, b E 0(n, n + 1; t), 

[T K (a),T K (6)] = T K (T K (o)(6) - (-l) p ^2d 2n+1 (a)6). (2.1) 
The principal Z-graded is listed below: 

KO(n, n+l;t) := \ = _ 2 KO(n, n + 1; i)*, 

where 

KO(n,n + l;t)i := KO(n,n + l;t) DW(n,n + l;£) P|i . 

In particular, 



irO(n,n+l;i)_ 2 = FT K (1), KO(n, n + 1; t)^ = FTk( 



(ir)„(n+l,...,2n+l>'. 



For simplicity, we write HO and KO for HO(n, n; t) and KO(n, n+1; t), respectively. 
For i £ l,n, set 

HhO ■= ^2 FT hOw)j H KO ■= ^ ^ T K(xiXi>). 
iEl,n i£l,n 

Let X := ifO or KO. Then .ffx is a torus of XgP|Xo, known as standard. We 
consider the weight space decomposition of X with respect to the torus Hx, 

X = ©^Ax^7- 

For a E A(n;t) and it E B(n), we define a + u to be the linear function on Hx, 

a + u: H x — ► F 

such that for i E l,n, 

(a + u)(T H (xjXj')) := ^/ e „ - a, if X = HO, 
(a + u)(T K (xiXi>)) := 5 il&u - a 4 if X = ifO. 

Since 

[Th^x.O^h^^x")] = - o^Th^^x"), 

one sees that Th(i^x u ) E iTO is a weight vector belonging to the weight a + u. 
Similarly, T K (x^x u ) and T K (x ( - a h u x 2n +i) E iTO is a weight vector belonging to 
the weight a + u. 

For a,/3 E A(n;i), write a = j3 (mod p) provided that ot,i = Pi (mod p) for all 
j E 1, n. We have: 
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Proposition 2.1. For a G A(n;i) and u G B(n), we have 
HO (a+u) = FT^-E/e^+E^ 

(3=ct (mod p),V\ Cu, ^2 C«+l ,2n\u, 



2 e J') 2 ; M_l ' 1+l ' 2A 



f3 = a (mod p) ,v-^(Zu, Cn+1 ,2n + l \ii 

Proof, (i) For .ffO, the inclusion " D " is straightforward. To show the converse, let 
T H (x^x v ) e HO (a+u) , where G A(n, t), u G B(n). Then, for i G T , n, one has 

- 0i)T H (x^x v ) = (0 + v)(T u (x tXl/ ))T u (xWx v ) 

= [T H (xi* i ,) J T H (*( / V)] 

= (a + U )(T H (w))TH(x^x^) 

= (^ etl -a,)T H (#/). 

Consequently, 5i>£ V — 0; L = 5i> &u — o-i holds in F, that is, 



«i — Pi = 0~i'eu — &i'£v 



1 (mod p) if i' G ti and i 1 £v 

— 1 (mod p) Hi' ^ u and i' Ev 

(mod p) if i' G tt and i'B 

(mod p) ifi'^u and i' ^ 



The assertion follows. 

(ii) In (i), replacing HO and Th by KO and Tk, respectively, one checks that 
all the arguments above still hold. Thus, for KO it can be proved in the same 
manner. □ 

Write ojq := (n + 1, . . . , 2n) and uj\ := (n + 1, . . . , 2n + 1). By Proposition l2.lt we 
list the following for later use: 

KO e = Y FT K (s (a+E2 "+ 1 ^" 6 » £3> x"), (2.2) 

q=0 (mod p), weB(n+l) 

A HO ,o = A KO ,o = {e^e^ei + e^Si + (/}, (t',/> | % + j G M}, (2.3) 
A#o,i = Ajfo.i = {ei, (i')> 2e i + £i,2ej + (j},£; + e,- + e fc ,£i + £j + (k'), 

3£i,Ei + (j',k'),(i',j',k') | distincti, j, k G l,n}, (2.4) 

n 

A^ ,2 = A xo ,2 = {O, a + u, + v | \a\ + \u\ = 4, ^ (x^x u ) = 0, 

i=l 
?i 

2,Y,d l dAx^x v ) = 0p.5) 



+ M 

i=l 

A#o,£-2 = A X o,£ = {tt + ^o}- (2.6) 
As in the Lie algebra case, one may easily prove the following 
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Lemma 2.2. Let L = ®\ = _ r Li be a finite dimensional simple Z-graded Lie super- 
algebra and H a nilpotent subalgebra of Lq n Lq with weight space decomposition 
L = ® Q £ A-^(a) • If L has a nondegenerate associative form, then 

diirif Lfc = dimiF L q _ r _k and dinrf n I 7 = dim^ L„- T -k H L_~ 

for all —r < k < q and 7 G A. 

Theorem 2.3. Lei X := HO or KO. Then X does not possess any nondegenerate 
associative form. 

Proof. For X = HO, we have X = Efl-i x i- Note that 

X^ 2 = span F T H (x W x w °), X_i = span F {T H (^) | i G L~2n}. 
This shows that 

1 = dimX^_2 7^ dimX_i = 2n. 

For X = i^O, we have X = Yli=-2 Consider the weight space decomposition 
with respect to the torus Hx defined above, 

X = (&a£A x X( a y 

From ()2.2p we have 

1 = dimX_ 2 Hie / dimXg nl e = 0. 
Now our conclusion follows from Lemma 12.21 □ 

3. Second Cohomology Groups 

As in Lie algebra case [5], if a finite dimensional simple Lie algebra L does not 
possess any nondegenerate associative form then H 2 (L,¥) = H 1 ^^*) and all the 
^-homogeneous superderivations from L into L* are skew. We thereby obtain by 
Lemma |2. 21 and Theorem 12.31 the following 

Theorem 3.1. H 2 (X,¥) is isomorphic to H l (X,X*) and Ber(X, X*) consists of 
skew superderivations for X := HO or KO. 

In view of this theorem, in order to determine the second cohomology groups, it is 
enough to compute H 1 (X, X*). For this purpose, we want to establish a reduction 
lemma relative to the superderivations from X into X* (see Lemma l3.5p . Before 
doing that, we first recall a general result (Lemma 13. 2p . which is analogous to the 
Lie algebra case 0]. 

Let L be a finite dimensional Z-graded Lie superalgebra over F, L = ® q i= _ r Li. 
Write L~ := ®~}_ r Li and L + := ©? =1 Lj. Recall the canonical mapping 

$1 : H l (L,L*) — ► H l (L~,L*) 
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which is naturally induced by the restriction mapping 

Der F (L,L*) — > Der F (L", L*). 

Write U{L) + for the two-sided ideal of U(L) generated by L and put 

Arnws+(L) := {u G U{L-) + \ u ■ L = 0}. 

Lemma 3.2. fl^] Let V be a ^-graded subspace of L. Suppose there are a Z2- 
homogeneous basis {ei, e2, . . . , e n } of L~ and a ^-homogeneous basis {v±, i?2, ■ ■ ■ , v m } 
of V such that {e a ■ Vj \ 1 < j < m, a G T} is a basis of L over F for some sub- 
set T C N n and that Ann^^_^+(L) = span F {e fc | b G N n \ T}. Then the following 
statements hold: 

(1) Every super derivation tp : L — ► L* satisfying the condition that ker(ade,) C 
keiip(ei) for alii G l,n defines an element o/ker$i, that is, ip Inn F (L~, L*). 

(2) Suppose there is fj, G N n swc/t i/iai T = {b G N n | & < fi}. Then ker(adej) C 
ker0(ej) if and only if ef z ■ ip(ei) = 0. 

We mention a standard result that for a Lie superalgebra L every homogeneous 
superderivation ip : L — > L* extends to one and only one [/(L)-module homomor- 
phism \I> : U(L) + — > L* so that ^f(x) = tp(x) for all x G L. 

Lemma 3.3. If ip : HO — ► HO* is a superderivation then 

T H (x<) • ^(Th(^)) = T K (xj)*i ■ 4>(T H ( Xj )) = for all i G T~n, j G n+l,2n. 

Proof. Letting \I/ be as indicated above, we have 

T H (si) • ^(T H (xO) = T H (xi) • *(T H (xO) = ^(T H (xi) 2 ) = for all % G 

ThC^-)^ • ^(T H ( Xj )) = T H (xi)^ • *(T H (xi)) = ^(Th^)^) for all j G n+l,2n. 

Let G G HO. As T H (x i ) p ' J lies in the center C(U(HO) + ), where j G n + l,2ra, we 
have 

G • ^(Th^)^) = ^(GTh^)^ ) = *(T H ( Xj y tj G) = T H ( Xj f J • *(G). 
Note that 

(T H (x,)^ • <J>(G))(y) = ±^(G)(T H (x,r tj • y) = 
for every y G i/O. Consequently, Th^) 7 ^ ■ f/>(TH(xj)) lies in 

{/ G #0* I HO ■ f = 0} = {/ G FO* I f([HO, HO]) = 0}, 

which is zero, since HO is simple. The proof is complete. □ 
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Lemma 3.4. For jj, := (1, . . . , 1, 7Ti, . . . , 7r ra ) G N , we have 



ker(adT H (xi)) = T H (xj) w • + FT H (x;/), i G 1, 2n. 

Proof. The inclusion " D " is clear. To show the converse, for b := (b±, 62, • • • , ^2n) G 
N 2n , where b{ = or 1 for all tgl,n, put 

T H 6 := Th0zi) 6i Th0z 2 ) 62 ■ ■ ■ T H (x 2n ) fe2 " , 

2n 

U(HO^) {k) := span F {T H b | J> < 

i=i 

fTO (fc) := U(HO-i) {k) ■T H (iWi w ). 

Then .ffO = 5^1—0 * HO(k)- By induction one gets 

ker(adT H (x l )) D ffO (fc) C T H (x i ) w • FO, 
where < A; < |/i| — 2. Now we want to show that 

ker(adT H (x l )) D HO (M _ 1} C T H (xi) w ■ #0 + FT H (^). 

Take 

x = A a T H a • Th(s W /») G ker(adT H (x i )) n #0(H-i)- 

0<a<fi 

Then 



a; = 



J] A a T H a • Th(xW/») + A^Ts"" 6 ' • T H (x«x^) 



0<a</i,a^=jLi^ 
I a I — I \x I — 1 



±\ a r TH(x i r i T li a -^-T ll (xWx" )±\^ ei T li (x i ,) (mod HO {M _ 

\a\ = M-l 

Therefore, there is y G such that 

x - Tn(xj) w • y ± A M _ £i T H (x i O G H0 (W „ 2) 

and 

adT H (x l )(x - Tn(xj) w • y ± A„_ ei T H (av)) = 0. 

Then 

x - T H (^) W • y ± A^_ £i Tn(xj') G ker(adT H (x 4 )) D i?0 ( | H _ 2) C T H (x^ • FO, 
that is, x G T H (xj) w • + FT H (x;/). The proof is complete. □ 
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Recall that for X = HO or KO, Hx is a torus of Xq f] Xq. Consider the weight 
space decomposition of X with respect to Hx, 

X = ©^gAx^y- 

We would like to mention a standard fact that every Map(Hx, F)-homogeneous 
nonzero-degree superderivation from X into X* must be inner. So we are concerned 
with those super derivations of Map(Hx, F)-degree 9. 

Lemma 3.5. Let X stand for HO or KO. If ip : X — ► X* is a superderivation of 
Map(Hx, ¥)-degree 6, then there exists some f G X* such thatip(x) = (— l) d ( a; ) d (/)x- 
/ for all x G X~. 

Proof, (i) First consider the case X = HO. The general assumption of Lemma 13.21 
is valid for V := F • T n (xWx"°). Put T H a := T H (£i) ai T H (x 2 ) a2 • • •T H (x 2 „) a2 " for 
a := (oi,a2) • • • ,«2n) G N 2n , where aj = or 1 for all i £ l,n. Suppose = aj 2 = 
• • • = aj. = 0, 1 < i\ < %i < • • - if. < n. Write 

x u := Xi> x-i ■■■x.i , b := ayEi + a 2 '£ 2 H an'£n- 

Since 

T H a • T H (i W /°) = ±T H (x^ 6 'i u ), 
{T H a • Tnix^x^) | a G T} is an F-basis of HO and 

Ann^ - )+ (HO) = {T H a |a^r}, 

where 

T:={aGN 2n | a < /*}, /i := (1, • • • , 1, vn, . . . , vr n ) G N 2n . 

By Lemmas CT2T1) and E31 it suffices to show that T H (xi) rt • HO + FT H (a?iO C 
ker^(Tn(xi)), for all i G l,2n. By Lemma l3.3( 

= T h (^) w V(Th(^))(FO) = ±V(T H (^))(e(T H (^) w ) • HO) 

= ±^(TH(x0)(T H (a:i) w -HO), 

that is, TH(xj) Mi • HO C ken/>(TH Since t/) is a superderivation of degree 9, it 
is clear that FTh(xj') C ker^(Tn(a;j)). 

(ii) Consider the case X = KO. The general assumption of Lemma [3.21 is valid for 

V :=F-Th(x W x Wi ). 

Put 

T K a := T K (l) ao TK(xi) ai T K (x 2 ) a2 • • • T K (x 2n ) a2 " 

for a := (ao, ai, a 2 , • • • , o 2n ) G N 2n+1 , where a, = or 1 for all i G 0, n. Suppose 
Oil = Oi 2 = ' ' ' = a i k = 0; < *l < ^2 < ■ " " ik < n - Write 

x u := x^ix^i ■ ■ ■ X} /, b := ay£\ + a 2 '£ 2 + • • • a n /E n . 
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Since 

T K a • T K (i W i Ul ) = ±\T K (x^- b *>x u ), where A := 1 or 2, 
one sees that {Tx a • Tk(x^x Wi ) | a G T} is an F-basis of KO and 

Ann u(KO - )+ (KO) = {T K a \a^T}, 

where 

T := {a G N 2n+1 | a < y. := (1, . . . , . . . ,7T n ) G N 2n+1 . 



As in Lemma 13.31 one easily get, for i G 1, 2n, 

T K (1)V(T K (1)) = Tk^^^+^CTkC^)) = 0. 

Then the desired result follows from Lemma 13.2( 1) and (2). □ 

As before, suppose L = ©? = _ r Lj is a finite dimensional simple Z-graded Lie su- 
peralgebra and H a nilpotent subalgebra of LqCiLq with weight space decomposition 
L = ©QeA-^(o)- We consider the subalgebra 

M(L) := [L+,L+]. 

Note that M(L) is a graded subalgebra of L on which H operates. Hence for h > 1 
there is <p h C such that L h = M(L) h + ©a. g9 j h L( Q ) n L^. 

Lemma 3.6. Suppose h > 3. T/ien 

HO h = M(HO) h + FT H (xMx"). (3.1) 

CKj=0,l(modp) Vi£l,n 
ugB(n),|a| + |u|— 2=h 

Proof. The inclusion " D " is clear. Let us consider the converse inclusion. Let 
T H {x^x u ) G FOft, where h > 3, a G A(n,t) and it G B(n). If a* = 0,l(modp) 
for all i G l,n, then T^(x^x u ) lies in the second summand of (|3. 1 1) . Thereby we 
suppose atj j£ 0, 1 (mod p) for some j G l,n. We distinguish two cases: 

Case 1. Suppose f £ u. We have 

° + ( 2 ") TH(x(a)xU) = -[Th(x (2£j) ^),Th(x^)x u )] G M(tfO) h . 
Case 2. Suppose j' G u. We have 



-T n (x^ a >x u )= T K (xV £ i>x f ),T K (x^- £ i>x u ) G M{HO) h (3.2) 
z, L J 

and 
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T H (x( 3£ ^x,/), T H (x (a - 2e ^x n ) G M{HO) h . (3.3) 



Since ay ^ 0, 1 (mod p), " J ^ 3 2 and aj — g^ 5 cannot be all zero modulo p. 
Thus, it follows from (£0]) or {O} that T u (x^x u ) G M(HO) h . 

Summarizing, the proof is complete. □ 
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Remark 3.7. Let fC(n,t) be the subspace spanned by the elements Tk(o) with a E 
©i>lO(n, n;t) Sji . If a,b E (£>i>iO(n,n;t) S)i , by \2. 1\) . we have 

[T K (o),T K (6)] =T K (T H (a)(6)). 

Note that 

[T H (a),T H (6)] =T H (T H (a)(6)). 
It follows that fC(n,t) is a subalgebra of KO(n,n + Moreover, the mapping 

p : JC(n,t) — > HO(n,n;t), Tx(a) i — > Tn(a) 

is an isomorphism of Lie superalgebras. 

Lemma 3.8. Suppose h > 3. Then 

KO h = M(KO) h + FT K (x (a) /) 

Q^ = 0,l(modp) V 
uGB(n),|a| + |u| —2=h 

+ ^ FT K (. (Q) /x 2n+1 ). 

«6B(ra),|a| + |u|=h 

Proof. It is sufficient to show the inclusion " C. Let Tx(^ ( ' a ' ) x M X2n+i) E ^Oft 
(mod /C(n, £)), where /i > 3, a E A(n,t) and u E B(n). Note that for j € 1, n, 

(ay - 5 j/£u )T K (x ( - a) x u x 2n +i) 
= T K (x {a) x u ),T K (x j x f x 2n +i)\ E M(KO) h (mod £(n,t)). (3.4) 

If there is j E 1, n such that ay — <5,'g u ^ (mod p), it follows from (|3,4p that 

T K (x (a) x u x 2 „ + i) E M(i^O)^ (mod /C(n,t)). 

Now, by Remark 13.71 and Lemma 13.61 one easily sees that " C " holds. □ 

We record a general fact, which is completely analogous to the Lie algebra case 
(see 0,(3). Recall that L = Q)j = _ r Li denotes a finite dimensional simple Z-graded 
Lie superalgebra and H a nilpotent subalgebra of Lq n Lq with weight space decom- 
position L = © Q gA-^(o)- We record a general fact, which is completely analogous to 
the Lie algebra case (see 

Lemma 3.9. Let ifi : L — * L* be uZx Map(-ff, ¥) -homogeneous skew superderiva- 
tion of degree {1,9). Suppose tp |^-E \mi^{L~ ,L*). We have: 

(i) If I > —q then ip is inner. 

(ii) If I = —q and A q n — Aq = then if) is inner. 
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(iii) If —2q < I < —q — 1 and —A q <f_ 0_( g+ n then ■0 = 0. 

We are in position to prove the main result of this paper: 

Theorem 3.10. The second cohomology group H 2 (X,¥) vanishes, where X = HO 
or KO. 

Proof. By Theorem 13.11 it is sufficient to show that all the Z-homogeneous skew 
superderivations from X into X* are inner. On the other hand, as mentioned 
above, superderivationsfrom X into X* of nonzero Map(Hx, F)-degrees must be 
inner. Hence it is sufficient to show that if ip : X — ► X* is a skew superderivation 
of Z x Map(Hx, F)-degree (1,6) then tp is inner. Hence, in the below we suppose 
tp : X — ► X* is such a superderivation. By Lemma 13.51 vb \x-€ ^ nn w(X~ , X*). 

(1) If I > —q, by Lemma l3.9[ i). V is inner. 

(2) Suppose I = -q. By Ijgjjfy and <^Bj, we have -A x ,o n A x , q = 0. Then by 
Lemma l3.9l fii) . ip is inner. 

(3) Suppose — 2q < I < — q — 1. If / < — q — 3, then —(q + l) > 3. By Lemma l3~6| 
for HO we have 

4>-( q+ i) C {a + u | a G A(n), u G B(n), = 0, 1 (mod p), 
Vz G T~n, |a| + |u| = -(<? + 1 - 2)}. 

Combining this with (|2.4p . (|2.5p and (|2.6p . we have 

-A H o, q <t <P-( q +i), ~A H o,q ^2 C A#o,2 and - A HO , q <t A HO ,i = 01. 

By Lemma 13.81 for i^O we have 

0_( g+ n C {0, a + it | a G A(n),u G B(n); = 0, 1 (mod p), 

Vi G T~n, \a\ + \u\ =-(q + l- 2)}. 

Then by ([231), dUSJ) and ([231) one easily sees 

-Axo,q t- 0-(g+O> -Axo,q <t <t>2 C A^o,2 and - A^o^ £ A^o.i = </>i- 
By Lemma l3.9f iii). ip = 0. The proof is complete. □ 
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